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Abstract. Let M be an n-dimcnsional complete simply connected Riemann- 
ian manifold with sectional curvature bounded above by a nonpositive constant 
—k 2 . Using the cone total curvature TC(Y) of a graph Y which was intro- 
duced by Gulliver and Yamada [H], we prove that the density at any point of 
a soap film-like surface S spanning a graph Y C M is less than or equal to 

— {TC(Y) — k 2 Area(pxr)}. From this density estimate we obtain the reg- 

27T 

ularity theorems for soap film-like surfaces spanning graphs with small total 
curvature. In particular, when n = 3, this density estimate implies that if 

TC(Y) < 3.649tt + k 2 inf Area(pxT), 

pgM 

then the only possible singularities of a piecewise smooth (M, 0, <5)-minimizing 
set S are the Y-singularity cone. In a manifold with sectional curvature 
bounded above by b 2 and diameter bounded by n/b, we obtain similar re- 
sults for any soap film-like surfaces spanning a graph with the corresponding 
bound on cone total curvature. 
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1. Introduction 

In 2002, Ekholm, White, and Wienholtz [6] ingeniously proved that in an n- 
dimcnsional Euclidean space, classical minimal surfaces of arbitrary topological 
type bounded by a Jordan curve with total curvature at most 47r must be smoothly 
embedded. One year later, Choe and Gulliver [5] extended the Ekholm- Whitc- 
Wienholtz result to minimal surfaces in an rt-dimensional complete simply con- 
nected Riemannian manifold M with sectional curvature bounded above by a non- 
positive constant —k 2 . More precisely, they proved that if T is a Jordan curve in 
M with total curvature 



TC(T) := / \k\ds < 4tt + k 2 inf Area(ps 



then every branched minimal surface bounded by T is embedded. Here pxT is the 
geodesic cone, which is the union of the geodesic segments pq from p to q over 
all q G r. Moreover they proved a similar theorem for minimal surfaces in the 
hemisphere (0). 

For nonclassical minimal surfaces, Ekholm, White, and Wienholtz also showed 
that for a given soap film-like surface S with a simple closed boundary curve F 
and with density at least one at every point on the support of S \ T, the condition 
TC(r) < 3-7T implies that S is smooth in the interior. Recall that the density of a 
surface S at a point p e M is defined to be 
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where B e (p) is the geodesic ball of M with radius e, centered at p. Recently, 
Gulliver and Yamada [5] proved that similar regularity theorems hold for soap 
film-like surfaces spanning graphs in R™ 

A graph T is a finite union of closed arcs at meeting at vertices qj , each of which 
has valence at least 2. Here the valence of a vertex q is defined by the number of 
times q occurs as an end point among all of the 1-simplices a^. We assume that 
each at is C 2 and meets its end points with C 1 smoothness. As in [5], we define 
the contribution to cone total curvature tc(q) at a vertex q by 



where Z q (Tk(q), e) is the angle between the tangent vector Tk(q) pointing into at 
q and the direction e. If Y is a piecewise smooth Jordan curve, then the contribution 
to cone total curvature tc{q) at q is nothing but the exterior angle at the vertex 
q: in fact, the supremum is assumed for e in the shorter great-circle arc of S"^ 1 
between the two tangent vectors at q. Define the cone total curvature TC(T) of a 
graph r by 



where V(T) := {vertices of T} and T ro s := T \ V(T) . 

In soap film experiments, one can construct soap films spanning graphs so that 
three surfaces meet along an edge or six surfaces meet at a point. Indeed there 
are only two possible singularities on area-minimizing soap film-like surfaces in R 3 
(see [5]). The tangent cone to a soap film- like surface S at a singularity is an 
area-minimizing cone: either the Y-singularity cone, which consists of three half- 
planes meeting at 120°, or the T-singularity cone which is spanned by the regular 
tetrahedron with vertex at its center of mass. We will denote by Cy — 3/2 the 
density at its vertex of the Y-singularity cone and by Ct = f arccos(— -|) « 1.8245 
the density at its vertex of the T-singularity cone. 

Introducing a notion of cone total curvature TC(T) for a graph T, that is, a 
finite 1-dimensional curved polyhedron, Gulliver and Yamada proved that for a 
soap film-like surface £ spanning a graph T in R", if TC(T) < 2itCy — 37r, then E 
is an embedded smooth surface or a subset of the T-singularity cone with planar 
faces. Moreover they proved that if TC(T) < 2itCt, then a soap film- like surface 
E spanning T in R 3 has possibly T-singularities but no other singularities unless 
it is a subset of the T-singularity cone with planar faces. In this paper we extend 
the Gulliver- Yamada results to soap film-like surfaces spanning graphs in an n- 
dimensional Ricmannian manifold M with an upper bound on sectional curvature. 

Let St be the collection of all immersed images E = UE^ of a finite union of 
C 2 -smooth open two-dimensional manifolds E, with compact closure, of class C 1 
up to the piecewise C 1 boundary 9£i, so that T C U9£;. Throughout this paper, 
we consider singular surfaces spanning an embedded graph T in the class Sr- In 
particular, E G Sr is a rectifiable varifold pQ. A surface E in <Sr is said to be strongly 
stationary with respect to T if the first variation of the area of E is at most equal 
to the integral over T of the length of the orthogonal component of the variational 
vector field normal to T. (See Definition 12.11 below and also [6], [8].) Unfortunately 
one cannot distinguish the boundary of a singular surface E 6 Sr from U9Ej in a 
classical sense. Moreover the definition of boundary motivated by Stokes' Theorem 
[7] is no longer valid (other than modulo two) because E is not orientable in general. 





<jev(r) 



REGULARITY OF SOAP FILM-LIKE SURFACES SPANNING GRAPHS 



3 



Therefore we define the boundary of £ G Sr in variational terms. (See Definition 
O below.) 

Let M be an n-dimensional complete simply connected Riemannian manifold 
with sectional curvature bounded above by a nonpositive constant —k 2 . We shall 
prove that if T is an embedded graph in M with 

TCCT) < 3tt + k 2 ( inf Areafaxr)") , 

then a soap film-like surface £ spanning T is an embedded surface or a subset of 
the piecewise totally geodesic ^-singularity cone (Theorem 13. 8ft . More precisely, 
the infimum of Area(pxT) may be taken only over p in the geodesic convex hull 
Conv(r) of r. Furthermore, we shall prove that if T is a graph in M 3 with 

TC(T) < 2nC T + k 2 ( inf Aiea(p^T)] , 

Vp6Conv(r) / 

then the only possible singularities of a soap film-like surface E in M 3 are the Y- 
singularity cone or, in special cases, the T- singularity cone (Theorem 13. 9p . Similar 
results for a manifold with bounded diameter, and the corresponding positive upper 
bound on sectional curvature, will be demonstrated in Section 4. 

The key steps of the proofs of our theorems are as follows. We first compare 
the density 8(£,p) of £ in Sr with the density 0(pxr,p) of the cone pxF for 
p G S \ r. This is related to the monotonicity property of minimal surfaces. Next, 
we construct a certain 2-dimensional cone with constant curvature metric locally 

2 

isometric to the simply connected space form M of constant sectional curvature, 
which corresponds to pxT in M. With comparison results for geodesic curvature 
of cones and the Gauss-Bonnet Theorem for the cone, we shall obtain the above 
theorems. 



2. PRELIMINARIES 

Let r be a graph in an n-dimensional Riemannian manifold M, and let Sr be 
the class of singular surfaces as described in the introduction. 

Definition 2.1 ([6]). A rectifiable varifold £ in M is called strongly stationary 
with respect to T if for all smooth variations </> : K x M — » M with 0(0, x) = x we 
have 

^ (Area(<^, E)) + Area(0([O, t] x T))) 
at t=o V ) 

Note that the strong stationarity of E implies that E G Sr is stationary. In fact, 
the first variation formula for area [11] gives 

d 



> 0. 



dt 



Area(0(t,E)) = - f (H,X ± )dA+ f V ( V] {p),X^{p))ds, 



where H is a mean curvature vector of E; X 1 - is the normal component of the 
variational vector field X — fj^(0, x); J(p) indexes the collection of surfaces Ej 
which meet at a point p in U9Ei ; and Vj (p) is the outward unit conormal vector to 
9Ej along USE^ where surfaces Ej meet, for j G J{p)- 

If we take the variational vector field X = ^(0, x) to be supported in M \ USE^, 

then the stationarity of E implies that the mean curvature vector H = on the 
interior of each E^. Furthermore, if we choose X supported away from T, then it 
follows that 

(2-1) Mp)~ Y, ^»="0 

iGJ(p)C/ 
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for almost all p on U<9Ei \ T, since the choice of X is arbitrary along U<9E.; \ T. 
We call the equation (|2.1|) the balancing of z/jv along the singular curves of E away 
from T 8, p. 319]. 

It should be mentioned that the strong stationarity with respect to T for a surface 
in Sr is equivalent to stationarity in M \ T plus the following boundary condition. 

Definition 2.2 ([BJ, [5]). T is said to be the variational boundary of a surface E 
if there exists an Tt 1 measurable vector field along T which is orthogonal to T, 
with \us\ < 1 a.e., such that for all smooth vector fields X defined on M, 



Another good mathematical model for soap films is an (M, e, (5)-minimal set, as 
was introduced by F. Almgren [T]. 

Definition 2.3 ([I]). Let e be a function e(r) — Cr a for some < C < oo, 
< a < 1/3 and S > 0. £ C M is said to be an (M, s, S) -minimal set with 
respect to V C M if E is an m-dimensional rectifiable set and if, for every Lipschitz 
mapping cf> : M — > M with the diameter r = diam(T4 A U <fi(W)) < S, 



where W = {x : 4>{x) ^ x}. 

The following theorems for soap film-like surfaces in M 3 are due to Jean Taylor. 

Theorem 2.4 ([12 ). The tangent cone of an (M, 0, S) -minimal set E at p G E\T is 

area minimizing with respect to the intersection with the unit sphere at p; Moreover, 
the plane, the Y -cone and the T-cone are the only possibilities for minimizing cones. 

Theorem 2.5 ([12]). An (M,e, <5) -minimal set with respect to T consists of C 1,a 
surfaces meeting smoothly in threes at 120° angles along smooth curves, with these 
curves meeting in fours at angles of arccos(— 1/3), away from T. 

It was later proved by Kindcrlehrer, Nirenberg and Spruck that the surfaces 
which comprise E are as smooth as the ambient manifold [S]. 

3. Regularity of soap film-like surfaces in negatively curved spaces 

Let M be an n-dimensional complete simply connected Riemannian manifold 
with sectional curvature bounded above by a nonpositive constant —k 2 . In this 
section we shall derive regularity theorems for soap film-like surfaces in M . The 
key step in the extension of the theorems to the variable curvature ambient space 
is to carry the data of pxT over to the simply connected space form M of constant 
sectional curvature — k 2 , where k > 0. To do this we construct a constant curvature 
metric on pxT. For the sake of clarity, we give the definition as follows. 

Definition 3.1 ([3], [S]). Let T be an immersed piecewise C 1 curve in M . Let g be 
a new metric on pxT with constant Gauss curvature —k 2 , such that the distance 
from p remains the same as in the original metric g, and so does the arclength 
element ofT. 

We shall construct the new metric g explicitly, and then extend definition 13.11 
to the case where T is a graph. Assuming for the moment that T is a curve and 
that 'g exists, one can see from the above definition that every geodesic from p 
under g remains a geodesic of equal length under 7j, the length of any arc of T 
remains the same, and the angles between the tangent vector to T and the geodesic 
from p remain unchanged. Given a cone C := pxT, we shall denote by C the 
two-dimensional Riemannian manifold (C, g) , which will be singular at p. 




H m (E n W) < (1 + e(r)) H m (<KE n W)), 
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Let r(s) be the distance in C from p to the corresponding point of T for an 
arc- length parameter s of T. Then choose a point p £ H 2 (— k 2 ), and let a curve T 
locally isometric to T be traced out in H 2 (— n 2 ) so that the distance from p equals 
r(s). r will close up, to form T as a simply closed curve, in some Riemannian 
covering space M 2 of H 2 (— k 2 ) \ p . Then C can be written as pxT in M, along 
with the metric of M, which is singular at p. (See [5] for more details.) 

To prove the next proposition, we need the following well-known fact due to 
Euler. (See [TU].) 

Lemma 3.2 (Euler). For a connected graph T with even valence at each vertex, 
there is a continuous mapping of the circle to T which traverses each edge exactly 
once. 

Let r' be the double covering of the graph T = UfljC;. By Lemma [3721 we may 
choose an ordering for each edge such that T' is a piecewise smooth immersion of 
S 1 . In other words, V — U 2 "\c^, where each Ci arises twice as one of the for 
i = 1, • • ■ , to. Then Definition 13.11 may be applied to T', to construct a metric g 
of constant Gauss curvature on the disk C = p'x.T' . Then each smooth surface 
Ai = pxcj of the cone C = pxT is covered by two smooth "fans" pic^ and pxcj. 
of C (1 < j,k < 2m). But c'j and c' k are copies of the arc of T, so pxc- is 
isometric to pxcj,, using the metric g of constant Gauss curvature for both. Thus, 
pxcj inherits the metric g from either pxc^ or pxcj., to form the singular cone 

C with constant Gauss curvature on the interior of px^, 1 < i < m, and with a 
singular curve pq for each vertex q of T. This completes the extension of Definition 
13.11 for any graph T. 

Proposition 3.3. Let M be an n- dimensional simply connected Riemannian mani- 
fold with sectional curvature Km < — k 2 < 0, and let S £ Sr be a strongly stationary 
surface in M . Then we have, for p £ £ \ T, 

9(£,p) < Q(C,p), 

unless £ is a cone over p with totally geodesic faces of constant curvature —k 2 . 

Proof. First let us assume K = —k 2 < 0; the case k = will be treated similarly. 
Denote r(x) := dist(p, a;), the distance function in M from p £ M. Let G(r(x)) :— 
logtanh(Kr(x)/2) be the Green's function for the two-dimensional hyperbolic plane 
M 2 (—k 2 ) with Gauss curvature —k 2 . On an immersed minimal surface in M, it 
follows from [S] that 

cosh nr 
sinh 2 nr 

Recall that £ = Uig/£i and each £^ is an immersed minimal surface. Integrating 
([3~Tj) over £j \ B e (p) gives 

0< / A Si GeL4 = / 



(3.1) A sG(r ) = 2 K 2 —^(1 - |V Si r| 2 ) > 0. 



JZi\B e ( P ) Ja(E,\s e ( P )) sinh«;r9i/ Si 

Write T = UJLiCj- For a sufficiently small e > 0, let C e := C\B e (p) = (p^.T)\B E (p) 
and £i. e := £j \ B e {p). The divergence theorem yields 

0< / A Ss GdA = / . I J r ds. 

Each boundary 9£i. e consists of three parts 



9£,, e = (d£i n r) u (as e (p) n £,) u (9£ 4 \ (r u B s (p))). 
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Summing over i E I, we get 

< [ K ^ r d [ K ^ d [ K ^ T d 

~ J T sinh Kr dv^ JsndB s (p) sinh ^e 9^ j£ ia Si \(rufl^i)) sinh Kr dv ^ 

where i>s is the outward unit conormal along the <9£ £ . Since £ 6 Sr, the last term 
vanishes by the balancing condition (|2.ip . Along £ n dB e (p) , — ► — 1 uniformly 
as e — > and hence the second term converges to 

lim _ K Length( S n^ £ (,)) = 
e^o sinh ke 

Therefore we obtain 

(3.2) 27r9(S, J3 ) < / -^—-^-ds. 

J T sinh nr ov^ 

We repeat the same argument for C = pxT with C instead of E and Aj — p~xcj 
instead of Sj. Thus the cone C is the union of Aj, 1 < j < to. Since the Green's 
function G(r) on Aj satisfies [SJ Lemma 3] 

A^G(r) = 2 K 2 ^^(l-|V Ar r| 2 ), 
sinh nr 

it follows that AgG(r) = 0. Applying the divergence theorem, we get 

0= f I\pGdA= [ £ -^-ds. 

Each boundary d(A, \ B £ (p)) consists of three parts: 



d(Aj \ B £ (p)) = (dAj n r) u (dB £ (p) nAj)u (dAj \(rus s (p))). 

Summing the above equation over j = 1, • • ■ , to, we obtain 

/ K ^ T d + f K ^ T d +S~^ [ K ^ r d 

JrSmhKrdvc JcndB e { P ) sinh«e di/g ^ 7px (a c -)\i3 e (p) sinh Kr 5 ^ 

where i^g = along <9Aj and 1/4. is the outward unit conormal vector along 
the boundary dAj . Since the conormal vector va and Vr are perpendicular along 
p~x(dcj), the last term vanishes. As e — > 0, the second term converges to 

Length(CnB E (p)) . 

hm —k : = — 27rB(6.p). 

e^o sinh KE 



Hence we have 

2vre(a,p) = f 

Jf sinn Kr ov c 

On the other hand, from the definition of C it is easy to see that 
(3.4) * = * 

Since > -J^ almost everywhere along T, the inequality (13. 2p and the equations 
(PO]l . ([S3) imply that 

2^e(E,p)< / -^—^-ds< f —?—J^d8 = 2«Q(d,p). 
J r smn Kr ovy, Jf smn Kr ovp 

If equality holds, then AsG(r) = 0, which requires |Vsr| = 1. This can happen 
only when £ is totally geodesic. Similarly, using G(r) — logr, we can prove the 
case where k = 0. □ 
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The following proposition was stated, but not proved, in Remark 3 of [5]. The 
version we will need in this section already appears as Proposition 4 of that paper; 
in the following section, we shall require this more general version. 

Proposition 3.4. Let g and g be two continuous, piecewise C 2 metrics on the 
two-dimensional disk C, possibly singular at a certain point p £ C , such that the 
geodesies through p (the "radial" geodesies) with respect to g and g are the same, 
with the same arc-length parameter along each radial geodesic. Assume that the arc 
length along the Lipschitz continuous boundary T = dC is the same with respect 
to both metrics. For both metrics, assume there are no conjugate points along any 
radial geodesic. If the Gauss curvatures satisfy K > K at each point of C , then the 
inward geodesic curvatures satisfy k < k at each point ofT. 

Proof. As in Proposition 4 of [5], we consider normal Jacobi fields V and V along 
a unit-speed geodesic 7 (t) from p = 7(0) to q £ T, such that V(p) — V(p) = 
and V(q) = V(q). This construction is possible since there are no conjugate points 
along 7 for either metric. Write f(t) = |V(7(*))| g and /(<) = \V(~f(t))\ d : both 
are positive except at t = 0. At q £ T, the metrics are the same, so we have 
1^(9) Is = 1^(9)1? = 1- Then the inward curvatures fco and ko of the geodesic circle 
centered at p satisfy 

feo(7W) = y^ and fo( 7 (t)) = 

The Jacobi equation f"(t) + K{^{t))f{t) = implies the Riccati equation k' Q + k 2 = 
—K, and similarly k' + k 2 , = —K. Since K < K, these imply 

(fco - k )' + (k + k )(k - fc ) > 0, 

with fco — fco —> at the point 7 (i) as t —> 0. Therefore fco > fco everywhere along 7. 
Observe that the angles formed by T and 7 with respect to g and g are the same. 
It now follows that the inward geodesic curvatures fc and fc of T with respect to g 
and g satisfy fc < fc. (See the proof of Proposition 4 of [5].) □ 

Proposition 3.5. [5, Proposition 5] Let T be a C 2 curve in M and let C be the 
conepxT. If C is the cone C equipped with the constant curvature metric g, as in 
DeHnition \3.1\ above, then Q(C,p) < Q(C,p) and Area(C) < Area(C). 

Now we prove the following Gauss-Bonnet formula for two-dimensional cones in 
a nonpositively curved manifold. 

Proposition 3.6 (Gauss-Bonnet formula). Let p be a point in M \ T for a graph 
r with edges ci, . . . , c m . Let C — (C,g) for C = pxT. Then we have 

m r, rn 

2ire(d,p) + K 2 Are a ,(d) = -Y / kds + Y. E (| " Z 9 * ( T M),~&)) . 

where k is the geodesic curvature ofT in C and Z q i (Tj(g*), q^p) is the angle at q l j 
between the tangent vector Tj(gj) to Ci and the geodesic q*p. 

Proof. Suppose first that T is a smooth closed curve in M n but not necessarily 
simple, and p is a point of M n \ T. Choose a sufficiently small e > such that 
B £ (p) does not intersect T. Let A — C \ B e (p) be the annular region between T 
and dB £ (p) n C. The Gauss-Bonnet formula says that 

KdA- Ik -v c ds - / k ■ vq ds = 2tt y(A), 
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where x{A) is the Euler characteristic of A and K = — k 2 is the intrinsic Gauss 
curvature of C. Since A is an immersed annulus, we have x(-A) = 0. Along 
dB £ (p) n C, we have vq = — Vr and k ■ = fco(£), where fco(£) = Kcotz-ce is its 
geodesic curvature, as in Proposition ^. 41 and r is the distance from p in M. Note 
that 

lim / ~k -vp = Umfc (e)LeTigtri(aB e (p) nC) 

= 2^6(a, P ). 



Letting e — > 0, we get 

(3.5) - ft 2 Area(C) - J ~k ■ vq - 27r6(C,p) = 0. 

Finally, in the general case of of a graph V C M n , we apply Lemma l3~2l to show 
that the double cover of T can be considered as a piecewise smooth immersion T' 
of S 1 . 

Since T' is a piecewise-smooth immersion of the circle, we may apply equation 
(13. 5|) to r', and conclude that 

K 2 Area(C')+ / ~k ■ v c ds + 2^6(5', p) = 0. 



Let </g, De the end points of the smooth segment Cj for i = 1, • ■ • , m. We 
denote g* ~ g^ if they represent the same point of M where Cj and meet. Denote 

A'j = p'Kc'j with the metric of constant curvature. Then we see that C — U 2 ^^ = 
p-xV. 

Similar arguments as in the above smooth case show that 

m „ m 

(3.6) 2*e(C',p) = -« 2 Area(A)-^ / k -v Ci ds+E E (f-^(W),^))- 

2=1 J Ci i=i e=o,i 

Indeed, the last term is equal to the sum over vertices of the sum of the exterior 
angles of the piecewise smooth curve V at the vertex q\ ~ q 1 ^. To see this, suppose 
that Ci and Ck are the consecutive edges in F joined at q\ ~ q$; then 

(1 - Z ql (TM)^)) + (f - Z 9 .(T fe (g fc ),^)) 

= ^-Z 9; (T,( 9 i),T fe (g fe )), 

which is the exterior angle between Ci and Cfc at gj ~ gg, relative to the constant- 
curvature cone C. 
Therefore 

2m 

(3.7) 27r6(C', p) = -K 2 Area(<5') - E / ~^ ' ^ ds 

1=1 J< 

2m 

+ EE (f-^m(^))- 

i=l j=0,l 

For the edges and Ci 2 which represent the same edge a of T, we have 



k ■ v^ds — j k ■ v^ds = / fc ■ v^,ds. 
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We also note that the exterior angle appears twice and Area(pxr') = 2Area(pxT). 
Therefore by dividing both sides of equation (|3.7[) by two, we obtain 

tci r, m 

2ne(d,p) + K 2 Area(C) = - £ / ~k ■ i%ds + E E (f " Z ?' . 

i=l Si i=l j=0,l 

which completes the proof. □ 

Definition 3.7. Define the minimum cone area A(T) of a graph r C M as 

ACT) := inf Area(pxr) 
peConv(r) 

Theorem 3.8. Lei M be an n-dimensional complete simply connected Riemannian 
manifold whose sectional curvature is bounded above by a nonpositive constant — k 2 . 
Let r be a graph in M with TC(T) < Sir + k 2 A(T) and let £ £ Sr be a strongly 
stationary surface with respect toT in M . Then £ is either an embedded surface or 
a subset of the Y -singularity cone with totally geodesic faces having constant Gauss 
curvature —n 2 . 

Proof. For a point p on E \ T, Proposition 13.31 says that 

27r9(S,p) < 2TT<d(6,p). 
Applying Proposition ^. 41 Proposition 13.51 and Proposition 13.61 we have 



27r6(a,p) = - K 2 Area(C)- fkds + f^ £ (| - Z,< (^(gj), gjp) 

Jr i=lj=0,l 

/m 
kds + J2 E (|-^( T *(«i).9iP)) 
i=l j=0,l 

< TC*(r) - K 2 Area(pxr). 
Therefore the assumption on the cone total curvature of T implies that 

27r9(E,p) < 3vr. 

If 9(E,p) < f for any p S S \ T, then £ is an embedded surface. Otherwise, we 
have 0(£,p) = | which means that £ is a cone with vertex p and totally geodesic 
faces. Since the only stationary cone with density | is the Y-cone, £ is a subset of 
the F-cone. □ 

Theorem 3.9. Let M 3 be a 3- dimensional complete simply connected Riemannian 
manifold whose sectional curvature is bounded above by a nonpositive constant —k 2 . 
Let £ € Sr be embedded as an (M, 0, 5)-minimizing set with respect to a graph T in 
M 3 . IfTC(T) < 2itCt + k 2 A(T), then £ can have only Y singularities unless £ is 
a subset of the T stationary cone with totally geodesic faces. 

Proof. As in the proof of the above theorem, we can see that at p 6 £ \ T 

2vre(£,p) < 27re(C*,p) 

< TC(r) - « 2 Area(pxr) < 2ttC t . 

By Theorem [2^41 we see that for p 6 £ \ T, if 6(£,p) = 1 then £ is a plane. If 
0(£,p) = | then £ is a subset of the F-cone. If 0(£,p) = Ct then £ is a subset 
of the T-cone. □ 
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4. Regularity of soap film-like surfaces in spaces with bounded 

diameter 

Let M n be a simply-connected Riemannian manifold with diameter < j and 
sectional curvatures Km < b 2 , where b > 0. Recall that any two points of M are 
connected by a unique geodesic in M. As in section 3, we may define the convex 
hull Conv(5) of a subset S of M. It is not difficult to see that Conv(5') is the 
intersection of closed geodesically convex sets containing S, and it follows that if 
£ G Sr is strongly stationary with respect to a graph T in M n , then £ C Conv(r). 

Definition 4.1. Letg be a new metric onC = pxT with constant Gauss curvature 
b 2 such that the distance from p remains the same as in the original metric g, and 
so does the arclength element ofT. 

As in section 3, every geodesic from p under g remains a geodesic of equal length 
under the length of any arc of T remains the same, and the angles between the 
tangent vector to T and the geodesic from p remain unchanged. C = (C, g) may be 
constructed as in Section 3, with the two-dimensional sphere of radius 1/6 replacing 

U 2 (-K 2 ). 

Proposition 4.2. Let £ G Sr be a strongly stationary surface in M" and let p be 
a point in £ \ T. Then 

9(£,p) < &(C,p), 

unless £ is a cone over p with totally geodesic faces and constant Gauss curvature 
b 2 . 

Proof. The proof involves computations analogous to Proposition 13 . 31 on £ and on 
C, related to the well-known monotonicity inequality. 

Let G{r(x)) = logtan(6r(a;)/2) be the Green's function of the two-dimensional 
sphere of constant curvature 6 2 , where r{x) is the distance from p in M n . On an 
immersed minimal surface £^ in M, it follows from [1] that 

(4-1) A Sj G(r) = 2 b l^L {l |v Si r| 2 ) > o. 

sin br 

Recall that £ = Ui e /£i G Sr and each £^ is minimal. Integrating (|4.I[) over each 
£i \ B e (p) for sufficiently small e > gives 

0< / A s .GcL4= / , 6 , J 97, ds 

Since d{Hi\B e {p)) = (9£, n T) U {dB E (p) n £;) U (<9£; \ (T U B E (p))), summing over 
i gives 



f b dr , f b dr , v-^ f b dr , 

o< / ... / ... ds + Y. -^-rii — ds - 

J r sin £>r d^ s Jz,ndB c ( P ) sm te 9z/ s ~^Jd£A (ruB^ri ) sm ° r Sz ^< 

Applying the balancing condition (|2.I[) at each point p G <9£i \ T, one can see that 
the last term vanishes. 

Since along T,C\dB E (p), — » —I uniformly as £ — > 0, the second term converges 

to 

lim _6Length(£n^ £ (p)) = _ 27re 
e^o sin oe 



Hence we have 

b dr 



(4.2) 27T9(£,p) < f - 

Jr sl 



r sin 6r 



ds. 
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(4.3) A 5 G(r) = (1 - |Vgrf) = 0. 



Similarly, one can estimate the density 0(G,p) at p of the cone pxT with the 
metric g of constant Gauss curvature b 2 . Because T — UjL 1 Cj, where each arc Cj is 
G 2 and G 1 up to the end points, the cone C = px.T can be represented as 

C = pxr = U~A~ = U(Aj U dAj), 

where Aj = p'XCj is a G 2 surface, G 1 up to its boundary, possibly not immersed. 

Write C — LiAj. On each Aj, it follows from [1] that the Green's function G(r) is 
harmonic because 

. b 2 cos br . 
sin 2 br 

The divergence theorem yields 

(4.4) = / A p GdA= f . h 1 ,f r ds. 

Ja d \b e (p) ° Jd(.A j \B s (p))Sinbrdp d 

As before, each boundary d(Aj \ B e (p)) consists of three parts. 

Summing the above equation (|4.4p over j = 1, • • • , m, since vq = vc along T, 
we have 

f b dr , f b dr , v-^ f b dr , 

7 r smor S^g JcndB E ( P ) suite dz/g ^ i(pX9 Cj )\B e w smor di^ 

where z^yi . denotes the outward unit conormal vector along the boundary <9A, and 
1/(7(9) is defined to be Y^=i{ u A j {(l) ■ q S SA,}. Note that along px.(dcj), the 
conormal vector v-v and Vr are perpendicular, i.e. a dr _ = 0. Hence the last term 

vanishes in the above equation. Since -J^ — * 1 as e — > along C n dB e (p) and 
hence 

_6I^CnB.( P ))_ > 
sinoe 

one can see that the second term converges to — 2ir®(C, p). Therefore we have 

(4.5) 2ttQ(C, P ) = f -±-^Lds. 

J r sin br ovc 

Since -J^ > almost everywhere along T, it follows from (|4.2|) and (14. 5|) that 

/" 6 9r /" b dr 

27re(S,p)< / — - j—d S < / . - - ds = 2KQ(C,p). 
J r sin or oi^s 7r sin or wc 

If equality holds, then A^G = 0. So we should have |Vsr| = 1 by (|4.3|) . which can 
happen only when E is totally geodesic; and A^G = 0]. □ 

We prove the following Gauss-Bonnet formula for singular two-dimensional cones 
in M n . 

Proposition 4.3 (Gauss-Bonnet formula). Let p be a point of M n \ T for a graph 
r = Ucj. Let C = (G, g) for C = jjxT. Then we have 

m r, m 

27re(G,p) = & 2 Area(G)-]r / ~k ■ v^ds £ (5 - ^(Itfgj),^)) 

i=l Jci i=l j'=0,l 

where k is the curvature vector of Ci in C , v Ci is the outward unit conormal vector 
to pxr along Ci, Z„i (Tj(g!), <$;p) is £/ie angZe at between the tangent vector TAq]) 

to Ci and the geodesic q^p. 
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Proof. Similar arguments as in the proof of Proposition 13.61 give the desired re- 
sult. □ 

As a consequence of the density comparison (Proposition 14. 2\ and the Gauss- 
Bonnet Theorem for two-dimensional cones in M n (Proposition 14. 3\i , there follows 

Theorem 4.4. Let M n be a manifold with Km < b 2 and diameter < ?. Let T be 
a graph in M n and let £ G Sr be a strongly stationary surface with respect to T in 
M™ . Then for p g M n we have 

27T0(£,p) < TC*(r) + 6 2 Area(pxr). 
Definition 4.5. Define the maximum cone area A(T) of a graph T C M n as 

A(T) := sup Area(pxT). 

peConv(r) 

Now we state and prove the regularity theorems for soap film-like surfaces span- 
ning graphs with small cone total curvature in a manifold of bounded diameter. 

Theorem 4.6. Let M n be a manifold with Km < b 2 and diameter < j, and let 
r be a graph with cone total curvature TC(T) < 3n — b 2 A{T). Let £ S Sr be a 
strongly stationary surface with respect to T in M n . Then £ is either an embedded 
surface or a subset of the Y -singular cone formed by three totally geodesic surfaces 
of constant Gauss curvature b 2 . 

Proof. At p e £ \ r, we have 

27r6(£,p) < 27r8(pxr,p) < TC(T) + fe 2 Area(pxr) < 3tt. 

If 0(£,p) < §, then £ is an embedded surface. Otherwise, 0(£,p) = | which 
means that £ is a cone with vertex p and totally geodesic faces. Since the only 
stationary cone with density | is the F-cone, £ is a subset of the Y-cone. □ 

Given a strongly stationary surface £ in iSr, we have seen that the first nontrivial 
upper bound for the density of £, other than 1, is 3/2. In order to find a larger upper 
bound for density, we consider the case of ambient dimension n — 3. Note that 
the tangent cone of a strongly stationary soap film-like surface in M 3 is exactly 
the same as in Euclidean space K 3 . Since there are only three area minimizing 
cones in R 3 [2], the only possible candidate for a larger bound for density is the 
T-singularity cone. 

Theorem 4.7. Let M n be a manifold with Km < b 2 and diameter < j. Let T be 
a graph in M 3 with TC(T) < 2itCt — 6 2 .4(r) and let £ e Sr be embedded as an 
(M, 0,(5) -minimizing set with respect to T. Then £ can have only Y singularities 
unless £ is a subset of the T stationary cone with totally geodesic faces. 

Proof. For any point p £ £ \ T we have 

2tt9(£,p) < 27r8(pxr,p) < TC(T) + & 2 Area(pxr) < 2nC T - 

It follows from Theorem 12 .41 that the tangent cone of an (M, 0, <5)-minimal set £ at 
p is area-minimizing with respect to the intersection with the unit sphere centered 
at p, and that the plane, the Y-cone and the T-cone are the only possibility for 
a area-minimizing tangent cone. Hence for p S £ \ T, if 0(£,p) = 1 then £ is a 
plane. If 9(£,p) = | then £ is the Y-cone. Moreover if 0(£,p) = Ct then £ is 
the T-cone. " □ 

Remark. We do not know whether in general an (M, 0, <5)-minimizing set with re- 
spect to a graph is an element of the class Sr or not. Note that an (M, 0, <5)-minimal 
set £ in 5r with variational boundary T is strongly stationary with respect to T. 
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However the converse is not true in general. For instance, consider the cone over 
the 1-skeleton T of the cube. It is strongly stationary with respect to T, but not an 
(M, 0, ^-minimal set. (See [T2].) 

For our final theorem, we return to the context of minimal branched immersions 
of surfaces, as treated in [S] and in [5] . Note that the density of such a surface E in 
M n must be an integer > 1 at each point. At a branch point, the density is > 2; at 
a point p G M of self-intersection, the density 0(E,p) equals the number of pieces 
of surface which intersect at p. In the same spirit as the theorems above, which 
refer to Cy — | and Ct ~ 1.8245, we may define Cx = 2, the minimum density at 
a self-intersection point or branch point of a branched immersion. 

Theorem 4.8. Let M n be a manifold with Km < b 2 and diameter < ?. Let T be a 
simple closed curve in M 3 with TC(T) < 2irCx — b 2 A(T), and let E be a branched 
immersion of a compact surface into M™ with boundary T. Then E is embedded. 

The proof is analogous to the proofs of Theorems 14.61 and 14.71 showing that the 
density of E at any point of the convex hull of T is less than two. This result is 
Theorem 1 of [5] in the specific case where M is the n-dimensional hemisphere of 
constant sectional curvature b 2 . 
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